Let D be a family of k-subsets (called blocks) of a v-set X (v). Then D is a (v; k; t) covering design or covering if every t-subset of X (v) is contained in at least one block of D. The number of blocks is the size of the covering, and the minimum size of the covering is called the covering number. In this paper we consider the case t = 2, and nd several in nite classes of covering numbers. We also give upper bounds on other classes of covering numbers.
Introduction
First we discuss some facts and notation that will be used throughout the paper. Let D = fB 1 ; B 2 ; :::; B b g be a nite family of k-subsets (called blocks) of a v-set X(v) = The research of this author was partially supported by NSERC grant A7829. f1;2;:::;vg (with elements called points). Then D is a (v; k; t) covering design or covering if every t-subset of X(v) is contained in at least one block of D. The number of blocks, b, is the size of the covering, and the minimum size of the covering is called the covering number, denoted C(v; k; t). If every t-subset of X(v) is contained in exactly one block of D, then D is a Steiner system, denoted S(v; k; t). A Steiner system is said to be resolvable if there exists a partition of its set of blocks into subsets called resolution classes each of which in turn partitions the set X(v). A transversal design of group-size n, and block-size k, denoted TD(k; n), is a triple (V; G; D), where V is a set of kn elements; G is a partition of V into k classes (the groups), each of size n; B is a collection of k-subsets of V (the blocks), and every unordered pair of elements from V is either contained in exactly one group or exactly one block, but not both. There exist transversal designs TD(n + 1; n) for all prime powers n. The existence of a TD(k; n) implies the existence of a TD(k ?1;n). Since, in some of our constructions, we use a TD(n ? 1; n), it is worth noting a result of Shrikhande's 7] , namely that a TD(n?1; n) can always be extended to a TD(n+1; n) (with the sole exception of one of the two TD(3; 4) designs). Let K and G be sets of positive integers and let be a positive integer. A group divisible design (of index and order v) is a triple (V; G;B), where V is a nite set of cardinality v, G is a partition of V into parts (groups) whose sizes lie in G, and B is a family of subsets (blocks) of V which satis es the properties:
1 Proof. We start with an a ne plane of order n; that is, a resolvable Steiner system S(n 2 ; n; 2). It has n + 1 parallel classes, P 1 ; P 2 ; :::; P n+1 , each containing n lines. Let P i = fB ij j j = 1; 2; :::; ng; i = 1; 2; :::; n + 1 be the parallel classes, where the B ij are the lines. Now let us remove a line, say B n+1;n , and all of its points from the remaining blocks. The line B n+1;n intersects each of the lines of any of the parallel classes P 1 ; P 2 ; :::; P n in exactly one point. Consider the union of the set of blocks A = fB ij n B n+1;n j 1 i; j ng and P n+1 nB n+1;n . This is a 2-(n 2 ?n;fn;n?1g;1) design with (n ?1) blocks of size n (the blocks of P n+1 n B n+1;n ) and n 2 blocks of size (n ? 1) (the blocks of A). We shall use the (n ? 1) blocks of size n to construct 2n blocks of size (n ? 1) covering all the pairs contained in P n+1 n B n+1;n . Let B n+1;1 = a 11 a 12 ::: a 1n B n+1;2 = a 21 a 22 ::: a 2n : : : B n+1;n?1 = a n?1;1 a n?1;2 ::: a n?1;n be the lines of P n+1 n B n+1;n . Now it is easy to check that the 2n blocks a 12 a 13 ::: a 1n a 22 a 23 ::: a 2n :::
::: ::: ::: a n?1;2 a n?1;3 ::: a n?1;n a 11 a 13 ::: a 1n a 21 a 23 ::: a 2n ::: ::: ::: ::: a n?1;1 a n?1;3 ::: a n?1;n a 11 a 12 a 21 a 22 ::: an?1 2 ;1 an?1 2 ;2 an+1 2 ;1 an+1 2 ;2 an+3 2 ;1 an+3 2 ;2 ::: a n?1;1 a n?1;2 cover all the pairs contained in the blocks of P n+1 nB n+1;n . Let us denote the 2n blocks listed above by C. It is clear now that we can substitute the blocks of P n+1 n B n+1;n with the blocks of C in the 2-(n 2 ? n; fn;n ? 1g; 1) design to get an (n 2 ? n; n ? 1 Proof. We use the proof of the preceding theorem except for the last two blocks of C. Since n is even, three blocks are required to cover the (n ? 1) pairs a i1 a i2 , i = 1; 2; :::; n ? 1. 2 Note that it is not known whether this construction produces any covering numbers; it does not for n = 4 where a covering with n 2 +2n blocks meeting the Sch onheim bound is known; that is, C(12; 3; 2) = 24 5].
We now generalize the above construction. What we essentially used was a transversal design TD(n ? 1; n), where n is a prime power. We took the n 2 blocks of the TD(n ? 1; n), then covered the pairs contained in the groups of the transversal design by forming two blocks from the points of each group, and covering the remaining pairs by two (three) additional blocks. So, we shall proceed by using the same TD(n ? 1; n), noting that we can extend each group by a common set of new points and use the same type of construction to cover the pairs contained in each of the extended groups. We introduce new points X = fx 1 ; x 2 ; :::; x r g. Using the notation from Theorem 2.1, the expanded groups are X B n+1;i , i = 1; 2; :::; n ? 1. For each of the expanded groups we form two blocks of size (n ? 1) and a third block of size We certainly want 2r + 2 n ? 1; that is, r n?3 2 . It is clear that these three blocks cover all pairs contained in X B n+1;i . Now, if (r + 2) is small compared to (n ? 1) we will be able to unite sets of s = :: x r a qs+1;1 a qs+1;2 ::: a qs+1;r+2 ::: a n?1;1 a n?1;2 ::: a n?1;r+2
The asterisk at the end of each block denotes the remaining (n ? ; (1) which is equivalent to r + 2 < n ? 1 
The right hand inequality of (2) The Table 1 gives new covering numbers produced by Theorem 2.4 in the range n < 100 for n a prime power. :
The restrictions on r imply j n?1?r r+2 k = 1, so the equation becomes r+4 = n?1. Thus r = n ? 5, which is larger than n?3 2 , so we do not get any solutions in this case. ; then we get a covering number. This allow us to formulate the following general result. By studying the solutions of equation (5) we are able to extract in nite classes of covering numbers. As much as possible, we restrict ourselves to following the discussion after Theorem 2. 
Note that the condition r n?3m 2 is weaker than the necessary condition (7). Thus Theorem 2.10 produces covering numbers even if m is not a power of the same prime as n (or power of a prime at all). It also produces covering numbers when n is a power of two. For example, n = 13, m = 2, r = 1 gives C(144; 11; 2) = 197; n = 16, m = 2, r = 2 gives C(226; 14; 2) = 291; n = 59, m = 6, r = 1 gives C(3128; 53; 2) = 3601. Now, let us consider case b) (an extension of case 3). If n = 3m or n = 3m + 1 we get no values of r. If n = 3m + 2, then r = 1, and the equation (6) Note that letting m = 2 in the above result produces the \lottery" covering number C(49; 6; 2) = 82.
If n = 3m + 3, then, again, r = 1. Equation (6) is not satis ed for any m.
Rather than trying to extract further in nite classes of covering numbers from Theorem 2.9, we restrict ourselves to listing all the triples (n; m; r) producing covering numbers from Theorem 2.9 for n 40 (see Table 2 ).
The idea of taking a group divisible design (such as a transversal design), and then covering the groups in some way, is a natural approach to producing a covering design. Todorov 8, Theorem 4] found the construction we have given in Theorem 2.5; however he did not investigate when this construction met the Sch onheim bound (nor did he add extra points to the basic design).
As a further example of the use of group divisible designs we give the following. (8), then so does the covering number C(mn; k; 2). We know of three cases, where this observation can be applied to nd new covering numbers. The rst two are due to Mathon 4] : group divisible designs with 33 groups of size 3 and blocksize 9, and 45 groups of size 3 and block-size 12. Another case is Baker's design 1] with 15 groups of size 3 and block-size 7. These lead to the following. Corollary 2.13 C(99; 9; 2) = 143, C(135; 12; 2) = 147 and C(46; 7; 2) = 53. Proof. Note that a point in a group of size g must meet each of the v ? g points outside its group exactly once, so k ? 1 
